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Abstract
Using torus action method, we construct one variable polynomial repre-
sentation of quantum cohomology ring for degree k hypersurface in CPN−1 .
The results interporate the well-known result of CPN−2 model and the one of
Calabi-Yau hypersuface in CPN−1. We nd in k  N − 2 case, principal rela-
tion of this ring have very simple form compatible with toric compactication
of moduli space of holomorphic maps from CP 1 to CPN−1.
1 Introduction
In recent years, there have been a tremendous progress in the study of topological
sigma models (A-model) from various point of view. One of the most interesting fea-
ture of this model seems to lie in the calculation of non-trivial topological invariants (
number of holomorphic maps from world sheet  to target spaceM satisfying passing
through conditions induced by BRST-closed operators ) using indirect way emerg-
ing from the eld theoretic characteristics of the theory. For example, isomorphism
(symmetry) between two dierent models (mirror symmetry, S-duality), fusion rules,
deformation theory of operator product algebra, matrix models or KP-hierarchy and
so on.
On the other hand, there are many works which give mathematical foundation
of the above results. As for mirror symmetry, series of works by Batyrev and many
others [9],[10] reduced it to duality of two reflexive polyhedron  and  which
generate toric ambient spaces P and P of Calabi-Yau hypersurfaces M and
e-mail address: jin@danjuro.phys.s.u-tokyo.ac.jp.
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M . Systematic way of calculation of B-model correlation functions from the point
of view of toric geometry are also shown in them.
Also from A-model side, the study of structure of moduli space of holomorphic
maps from  to M has many progresses, which can be seen in the works [13],[14],[1].
They give geometrical formulation to the eld theoretic logic mentioned above. Espe-
cially in [1], some direct calculations of A-model correlation functions are performed
from stable-map construction of moduli space of maps from CP 1 to CPN−1. But
most of these works seem to treat sigma models coupled with gravity whose moduli
spaces are compactied through the compactication of complex structure moduli
of Riemann surface.
Correlation functions of pure matter theory are easier to calculate in some cases
than the ones of the theory coupled with gravity and also have very clear geometrical
meaning [21], while structure of pure matter theory is still dicult to treat and
the way toward direct calculation of them seems unclear. In [19], we treated the
pure matter theory of topological sigma model on Calabi-Yau hypersurface MN in
CPN−1 using mirror symmetry and found h
QN−2
i=1 Oe(zi)id (where Oe denotes the
BRST-closed operator induced from Ka¨ler form of MN and d represents degree of






dN+1 − (correction terms))qd (1.1)
q := et
t is deformation parameter coupled to Oe
We tried to explain this structure by compactifyingMdNmatter into CP
(d+1)N−1 but
this argument gives us only the top term NdN+1. Then we concluded the correc-
tion terms arise under the influence of boundary part CP (d+1)N−1 −MdCPN−1matter.
Recentry, Morrison and Plesser treated the related topic in [26] and generalized the
above argument to Calabi-Yau hypersurface embedded in weighted projective space
and show the compactication (they called it toric compactication) leads to the re-
construction of top term of correlation functions with full insertion of BRST-closed
operators induced from Ka¨hler forms. They also suggested that for sigma models
on weighted projective space itself, toric compactication gives exact results. In
Bertram’s work [2], he generalized it more abstractly to apply to sigma models on
Grassmannians and concluded it gives exact results.
These works are motivation of our interest of this paper. It’s very simple. CPN−2
is degree 1 hypersurface in CPN−2 and Gr(2; 4) can be considered as degree 2 hy-
persurface in CP 5 through Plu¨cker embedding. Then what happens when we treat
sigma models on degree k hypersurface MkN (k  N) in CP
N−1 ? We consider cor-
relation functions with full insertion of Oe and see if they coincide with the result
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First, we calculate degree 1 correlation functions using Schubert calculus and get the














(2N − 2j − k − 4)2N−k−5−j;j)
= kk+1q (k  N − 2)
(kk+1 − k2  k!)q (k = N − 1)





) − 2k  k!)q (k = N)
(where U is the universal bundle of Gr(2; N))
(2) seems to be true for k  N − 2 case. To extend these results to arbitrary degree,
we used the fusion rule which decomposes correlation functions into products of
three point functions, or in other words, quantum cohomology ring. Three point
functions needed to construct the ring can be calculated using torus action method
[1],[4] under the assumption that three point functions of pure matter theory and
the ones of theory coupled to gravity coincide.
We nd the following relations hold in quantum cohomology ring of MkN if k 
N − 2.
(Oe)
N−1 − kk  q  (Oe)
k−1 = 0 (1.3)
This tells us (2) is true in this case.
We also reformulate these rings as the polynomial algebra of Oe and nd some
characteristic structures in k  N − 2 case.
In section 2, we briefly explain the strategy of construction of quantum cohomol-
ogy ring of MkN . In section3, we reformulate this ring as the polynomial algebra of
Oe and discuss its characteristic structure when k  N − 2. In section 4, we try to
understand geometrical reason of the bound k  N − 2 and explain that under this
bound boundaries of CP d(N+1)−1 −MdCPN−1;(matter) are irrelevant in integration of
forms.
All numerical results used in this paper are collected at the end of this paper.
3
2 Strategy for Determination of Quantum Coho-
mology Ring of MkN
In this paper, we treat the topological sigma model having target space as degree k
hypersurface (k  N) hypersurfaces in CPN−1, MkN .
MkN := f(X1 : X2 :    : XN ) 2 CP
N−1jXk1 +   +X
k
N = 0g (2.4)
From Lefschetz hyperplane theorem, we can choose subring He (M
k
N ) generated by
Kah¨ler class e 2 H1;1(MkN ). Correspondingly, we assume that BRST-closed observ-
ablesOe ( = 0; 1;    ; N−2) form closed subalgebra in quantum cohomology ring
of MkN (Operator algebra in pure matter theory).Then we investigate this subalgebra
He;q(M
k
N ) in the following way. Operator product algebra is constructed by three
point functions and metric.
Oe  Oe = hOeOeOeγi
γOe
γ := hOe0OeγOei =
Z
MkN
eγ ^ e = kγ+;N−2

γ = γ (2.5)
Correlation functions in pure matter theory satisfy the fusion rule.
hOeOei = hOeOeOeγi
γhOei (2.6)
From the above denition we can easily see Oe0 acts trivially on He;q(M
k
N ), and we
regard Oe0 as identity. Three point functions are determined from the geometrical























γ)  qd (2.7)
where
i :MN;k(matter) 7! MN;k
f 2MdN;k(matter) 7! f(zi)
~i :MN;k;3(gravity) 7! MN;k





N;k;3(gravity) denote moduli spaces of holomorphic maps of de-
gree d. from CP 1 to MkN of pure matter theory and of theory coupled with gravity.
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We insert ++γ;(N−k)d+N−2 to represent topological selection rules explicitly. The
equality between the rst line and the second line of (2.7) can be explained as fol-
lows. MdN;k(matter) has internal SL(2; C) which moves ff(z1); f(z2); f(z3)g without
changing the posiotion of f(CP 1) in MN ; k. In MN;k;3(gravity), these degrees of are
killed by dividing by SL(2; C) but the degrees of freedom that change the position
of fz1; z2; z3g on CP 1 are added. Since SL(2; C) can be considered as the degrees
of freedom which maps f0; 1;1g to any distinct points fz1; z2; z3g, this dierence
cannot be distinguishd under the action of the evaluation maps i; ~i.
Then we determine He;q(M
k
N ) with the following strategy.
1. Using equality of 2.7, we evaluate all the three point functions using torus













































iaz + 5j(d− a)z − 5ldz)Qkd−1
a=1 (5
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iaz + 5j(d− a)z − d5lz)Qkd−1
a=1 (5










f(z1; z2; z3); fg=SL(2; C) 2M
d
CPN−1;3(gravity) 7! f(zi)
where H is hyperplane bundle on CPN−1, ~3 is 3-fold forgetful map from
MdCPN−1;3(gravity) to M
d
CPN−1;0(gravity) and ENd+1 denotes direct image sheaf
R01( ~’






2. We can consider Oe as the generator of He;q(MN;k), and we only have to
determine multiplication rule for Oe. In other words, if we set

















N ) is constructed as follows.




2 ;    ; F
N;k
N−2] (2.14)
where C[Oe;Oe2;    ;OeN−2] denotes the polynomial ring generated by Oe and
I [FN;k1 ; F
N;k
2 ;    ; F
N;k
N−2] is the ideal generated by F
N;k
 ’s.
We calculate FN;k for k  N − 2 and N  9 case and nd the ideal includes the
following relation.
(Oe)
N−1 − kk  q  (Oe)
k−1 = 0 (2.15)
Numerical results are shown in appendix A. In this case, using (2.15) and
h
QN−2





kd+1  qd (2.16)
3 Reformulation as One Variable Polynomial Al-
gebra
With some algebra, we can rewrite the relations (2.14) into the form






−(N−k)d  qd (3.17)
(2    N − 2) (3.18)






N−1−(N−k)d  qd (3.19)
(N > k)





(2    N − 2)








γN;Nj (q) := N=hOeOej−1OeN−2−j i (3.22)
Then we can realize Hq;e(M
k
N ) as one variable polynomial algebra by regarding Oe
as X, Oe as r.h.s of GN;k , and G
N;k
0 as a relation. And if we dene r.h.s of G
N;k
 as
fN;k (X) for  = 0; 2; 3;    ; N − 2 and X as f1(X) , correlation functions are written
in the residue form which follows from (2.6) as is well known in [3] .
hOe1Oe2    Oel iMkN = resX=0(
fN;k1 (X)  f
N;k
2
(X)    fN;kl (X)
f0(X)
)  k (3.23)
These results are collected in Appendix B. At rst sight, this reformulation seems to















































































































































((N − k)3 = N − 2)
We can reconstruct some of the above relations from the compatibility of the expan-
sion form of (2.12) and relation (2.15), but we are not sure that all of them follow




First, quantum correction of degree 1 to Hq;e(M
k
N ) does not depend on N , which
can be easily seen from relation 1. So we think these correction coecients γk;1(:=
γN;kN−k+−1;1) play central role in the ring when k  N − 2. In other words, we expect
all the higher degree quantum correction coecients are determined by γk;1. Rela-
tion 2 are found from these speculations. Second, from the expansion form of (3.18),
degree d coecients of Oe occur when   (N − k)d holds. Then if k  [N2 ] + 1, no
corrections occur from sectors with degree greater than 1. But degree 1 corrections
remain stable since they exist as long as  is no less than N − k. This seems to
support our rst speculation. We will show some examples of these features using

















































































































N ) (N  11)
Oek = X
k (1  k  N − 7)
OeN−7+ = X
N−7+ − γ6;1X
−1q(1    5) (3.40)
where
γ61;1 = 720; γ
6
2;1 = 6984; γ
6
3;1 = 23328; γ
6
4;1 = 39672; γ
6
5;1 = 45936 (3.41)
4 Geometrical Interpretation
In this section, we will briefly discuss why relation (2.15) or equation (2.16) holds
from the geometrical point of view. SinceMkN is hypersurface in CP
N−1,MdN;k;(matter)




















i :MN;k(matter) 7! M
k
N
f 2MN;k(matter) 7! f(zi) (4.43)
’i :MCPN−1(matter) 7! CP
N−1
f 2MCPN−1(matter) 7! f(zi) (4.44)
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c(N;k) is the form which impose the following condition on f 2MdCPN−1(matter).
f(CP 1) MkN (4.45)
Since holomorphic map from CP 1 to CPN−1 of degree d is described by the polyno-
mial map as follows, we can roughly compactifyMdCPN−1(matter) into CP
N(d+1)−1.













:= (A1d(s; t) : A
2
d(s; t) :    : A
N







0 :    : a
1
d :    :    : a
N
0 :    : a
N
d ) (4.47)
















kd−ltl = 0 for all (s; t)
() fl(a
i
j) = 0 l = 0; 1;    ; kd+ 1 (4.48)
Since each fl(a
j
i ) is a homogeneous polynomial of a
j
i of degree k, we can regard them
as k~e := kc1( ~H) where ~H is hyperplane bundle of CPN(d+1)−1. And we have
c(N;k) = (k~e)
kd+1 (4.49)









Our calculation in section 2 tells us this compactication gives exact result when k 
N − 2. To derive this bound geometrically, we have to analyse points in CPN(d+1)−1
added in the process of compactication. As was said in [19] and [26], these points
are characterized by the fact that all Aid’s have common divisor. This situation can
be described by the following sequence of maps.
CPN(d+1)−1
1 −
CPN(d)−1  CP 1
2 − CPN(d−1)−1  (CP 1)2
3 −
  
CPN(d−k+1)−1  (CP 1)k
k+1 − CPN(d−k)−1  (CP 1)k+1
k+2 −
  
CP 2N−1  (CP 1)d−1




N(d−j+1)−1  (CP 1)j 7! CPN(d−j+2)−1  (CP 1)j−1
((A1d−j(s; t);    ; A
N
d−j(s; t)); (a
1s+ b1t);    ; (ajs+ bjt))
7! ((A1d−j(s; t)(a
1s+ b1t);    ; ANd−j(s; t)(a
1s+ b1t))
; (a2s+ b2t);    ; (ajs+ bjt)) (4.52)
In exact calculation, we must treat Im(j) carefully. Then why (4.50) is right in
k  N − 2 case ? This can be understood as follows. Consider the rst non-trivial
boundary Im(1).
1(Z[CP
Nd−1  CP 1]) = ((as+ bt)A1d−1(s; t);    ; (as+ bt)A
N
d−1(s; t)) (4.53)
For these points, the condition f(CP 1) MkN acts only on A
i
d−1(s; t)’s and remaining
degrees of freedom come from CP 1 and constrained Aid−1(s; t)’s, i.e.
](degrees of freedom) = 1 +Nd− 1− (k(d− 1) + 1)
= (N − k)d+ k − 1 (4.54)
Then if the condition k  N − 2 is satised, we have
(N − k)d+ k − 1 < (N − k)d+N − 2
= dim(MdN;k(matter)) (4.55)
(4.54) tells us that the condition (4.48) may make the contribution from Im(1) be
a space whose dimeision is no less than dim(MdN;k(matter)) . But in k  N − 2 case,
(4.55) asuures us that it is irrelevant with respect to dimentional counting.
5 Conclusion
We think our main result of this paper is the determination of the bound k  N −2.
Under this bound, principal relation of quantum cohomology ring is written in a
simple form, (Oe)N−1 = kkq(Oe)k−1, which is natural generalization of the well-
known result of CPN−2 model, (Oe)N−1 = q [18]. The ring Hq;e(M
k
N ) is mainly
characterized by k, so polynomial representaions of operators with dierent N are
alike with each other. These seem to be determined by the correction coecients
γk;1 coming from holomorphic maps of degree 1 which are invariant under variation
of N, though we cannot give complete formulation in this paper.
We give geometrical interpretation of this bound in section 4 but this argument does
not explain why insertion of operator Oe2 and (Oe)2 are distinct even if k  N − 2.
These insertions cannot be distinguished by our simple logic. Lookig around the
situations, it seems to be eective only with the insertion of BRST-closed operator
induced from Ka¨hler forms in treating hypersurface in weghted projective space. Of
11
course, as can be seen in [2], moduli spaces of manifolds like Grassmannians which
have intrinsic denition and do not have to be treated as hypersufaces of projective
spaces are compactied without ambiguous process like the one in (4.48). In this
case, such troubles do not arise.
Finally, we discuss what our results tells us with respect to k = N − 1; N case. At
least, it supports our assertion that the rst term of N-expansion of h
QN−2
i=1 Oe(zi)i
on Calabi-Yau manifold MNN comes from the compactiaction treated in this paper
but explanation of correction terms from this point of view is still not clear.
Acknowledgement I’d like to thank Dr.K.Hori and Prof.T.Eguchi for many
useful discussions. I also thank Dr.Y.Sun and Dr.M.Nagura for kind encouragement.
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Oe  Oe = Oe+1 (0    N − 4) Oe  OeN−3 = OeN−2 + 2q




Oe  Oe = Oe2 + 6q Oe  Oe2 = Oe3 + 15Oeq




5 ) (N  6)
Oe  Oe = Oe+1 (0    N − 5)
Oe  OeN−4 = OeN−3 + 6q Oe  OeN−3 = OeN−2 + 15Oeq




Oe  Oe = Oe2 + 24q
Oe  Oe2 = Oe3 + 104Oeq
Oe  Oe3 = Oe4 + 104Oe2q + 2784q
2





Oe  Oe = Oe2
Oe  Oe2 = Oe3 + 24q
Oe  Oe3 = Oe4 + 104Oeq
Oe  Oe4 = Oe5 + 104Oe2q





Oe  Oe = Oe+1 (0    N − 6)
Oe  OeN−5 = OeN−4 + 24q
Oe  OeN−4 = OeN−3 + 104Oeq
Oe  OeN−3 = OeN−2 + 104Oe2q





Oe  Oe = Oe2 + 120q
Oe  Oe2 = Oe3 + 770Oeq
Oe  Oe3 = Oe4 + 1345Oe2q + 211200q
2
Oe  Oe4 = Oe5 + 770Oe3q + 692500Oeq
2





Oe  Oe = Oe2
Oe  Oe2 = Oe3 + 120q
Oe  Oe3 = Oe4 + 770Oeq
Oe  Oe4 = Oe5 + 1345Oe2q
Oe  Oe5 = Oe6 + 770Oe3q + 99600q
2





Oe  Oe = Oe2
Oe  Oe2 = Oe3
Oe  Oe3 = Oe4 + 120q
Oe  Oe4 = Oe5 + 770Oeq
Oe0  Oe5 = Oe6 + 1345Oe2q
Oe  Oe6 = Oe7 + 770Oe3q




N) (N  10)
Oe  Oe = Oe+1 (0    N − 7)
Oe  OeN−6 = OeN−5 + 120q
Oe  OeN−5 = OeN−4 + 770Oeq
Oe  OeN−4 = OeN−3 + 1345Oe2q
Oe  OeN−3 = OeN−2 + 770Oe3q





Oe  Oe = Oe2 + 720q
Oe  Oe2 = Oe3 + 6264Oeq
Oe  Oe3 = Oe4 + 16344Oe2q + 18843840q
2
Oe  Oe4 = Oe5 + 16344Oe3q + 131458464Oeq
2
Oe  Oe5 = Oe6 + 6264Oe4q + 131458464Oe2 q
2
+144069995520q3







Oe  Oe = Oe2
Oe  Oe2 = Oe3 + 720q
Oe  Oe3 = Oe4 + 6264Oeq
Oe  Oe4 = Oe5 + 16344Oe2 q
Oe  Oe5 = Oe6 + 16344Oe3 q + 14152320q
2
Oe  Oe6 = Oe7 + 6264Oe4q + 44006976Oeq
2





Oe  Oe = Oe2
Oe  Oe2 = Oe3
Oe  Oe3 = Oe4 + 720q
Oe  Oe4 = Oe5 + 6264Oeq
Oe  Oe5 = Oe6 + 16344Oe2q
Oe  Oe6 = Oe6 + 16344Oe3q
Oe  Oe7 = Oe8 + 6264Oe4q + 4769280Oeq
2






Oe  Oe = Oe2 + 5040q
Oe  Oe2 = Oe3 + 56196Oeq
Oe  Oe3 = Oe4 + 200452Oe2q + 205625920q
2
Oe  Oe4 = Oe5 + 300167Oe3q + 24699506832Oeq
2
Oe  Oe5 = Oe6 + 200452Oe4q + 53751685624Oe2 q
2
+534155202302400q3













Oe  Oe = Oe2
Oe  Oe2 = Oe3 + 5040q
Oe  Oe3 = Oe4 + 56196Oeq
Oe  Oe4 = Oe5 + 200452Oe2 q
Oe  Oe5 = Oe6 + 300167Oe3 q + 2091962880q
2
Oe  Oe6 = Oe7 + 200452Oe4 q + 13570681320Oeq
2
Oe  Oe7 = Oe8 + 56196Oe5 q + 13570681320Oe2 q
2








Oe  Oe = Oe2
Oe  Oe2 = Oe3 + 40320q
Oe  Oe3 = Oe4 + 554112Oeq
Oe  Oe4 = Oe5 + 2552192Oe2 q
Oe  Oe5 = Oe6 + 5241984Oe3 q + 345655618560q
2
Oe  Oe6 = Oe7 + 5241984Oe4 q + 3857214283776Oeq
2
Oe  Oe7 = Oe8 + 2552192Oe5 q + 8150222448640Oe2 q
2
Oe  Oe8 = Oe9 + 554112Oe6 q + 3857214283776Oe3 q
2
+235354398279598080q3





















 (0    N − 3)
OeN−2 = X
























4 − 232X2q − 288q2 (A.76)
Hq;e(M
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4 − 2235X2q − 49800q2
Oe5 = X

















































4 − 23328X2q − 7076160q2
Oe5 = X
5 − 39672X3q − 24388128Xq2
Oe6 = X
















6 − 39672X3q − 2384640q2
Oe6 = X

































4 − 261688X2q − 1045981440q2
Oe5 = X
5 − 561855X3q − 7364461860Xq2
Oe6 = X
6 − 762307X4q − 8660264508X2q2
−53577635146560q3
Oe7 = X


















6 − 561855X3q − 579121200q2
Oe7 = X
7 − 762307X4q − 1874923848Xq2
Oe8 = X


















6 − 8388608X3q − 134298823680q2
Oe7 = X
7 − 13630592X4q − 875510074368Xq2
Oe8 = X
8 − 16182784X5q − 994943923200X2q2
Oe9 = X
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